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The uncertainties from the infrared renormalons in the (color dipole) gluon distribution is esti-
mated. It is shown that non-linear saturation effects at small-x shift the first IR pole at the Borel
plane from 2/β2 to 1/β2. As a consequence the estimated uncertainty is found to be O
(
Λ2QCD
)
instead of O
(
Λ4QCD
)
.
PACS numbers: 12.38.-t,12.38.Aw
I. INTRODUCTION
Perturbation series in quantum field theory are usually divergent even after term by term renormalization of
mass and charge. This was first argued by Freeman Dyson in early fifties on the eve of developement of quantum
electrodynamics (QED) [1]. In case of QED it was shown that individual terms of the perturbation series
∑
n Cnα
n
s
first decrease and gradually approaches to a minimum and then start to increase without any limit. The index of the
minimum term estimated to be of the order 137. The ever increasing terms make the perturbation series divergent.
However fortunately this no way restricts predictions from the perturbation series for practical applications.
Nevertheless this anomaly raises important questions on very foundation upon which the theory is built. B. Lautrap
was first who point out that there could be single gauge invariant diagram that contribute to amplitude to grow it like
n! in the n-th order term of the perturbation series [2] making it a divergent series. Not just in QED, this subtlety
also translates to QCD, where strong coupling acts as the expansion parameter of the series. Some non-perturbative
effects in QCD are actually stems from the asymptotic nature of the perturbation series and corroborated by the
fact that the coefficients Cn often have factorial-growth with n. There are resummation procedure to regularize
divergence series e.g. Borel resummation. For factorially divergent series Borel summation is mostly used. The
source of this divergence of perturbation series in QCD is then reflected through the presence of pole singularities [3]
on the real axis of the Borel plane leading to (a) Infrared Renormalons (IR), (b) Ultraviolet Renormalons (UR) and
the (c) Instantons [4]. If the Borel integral has no singularity in the positive real axis and the terms in the series do
not increase faster than the factorial growth, the divergent series is Borel summable. In QCD infrared renormalons
are singularities on the positive b-axis due to the integration over infrared regions and presence of them spoil the
Borel summability of the series. In fact it was argued that this Borel non-summable contribution predicts a specific
high-energy phenomenon which calls for a growth of multi-jet production with high multiplicity. Phenomenologically,
the phenomena leads to apparently anomalous events that would look as highly isotropic multi-jet events [5].
QCD renormalons in small-x was first addressed by Levin [6]. In QCD high energy scattering events generally involve
cascade of gluons. This is because unlike photon primary gluons with high virtuality themselves emit further secondary
gluons in high energy. At high enough energy this rapidly growing cascade of gluons grow to an extent that fusion
of multiple gluons to single gluon begin. Over the time this fusion of gluons develops a statistical detailed balance
with the reverse phenomena of gluon cascade. This detail balance of gluon number density leads to the origin of the
phenomena of gluon saturation with the emergence of a dynamically generated and energy dependent momentum scale
Qs known as saturation scale. Above this saturation scale one may safely assumes independent stochastic multiple
scattering approximations but below this scale this is no longer valid. Highly correlated non-linear gluon interactions
prevail over normally distributed random interactions below the saturation scale. In the small momenta regions,
within the window of momentum scale ΛQCD and saturation scale Qs where the running coupling becomes large,
infrared renormalons is believed to be the source of the divergence in the perturbation series and gives estimates to
the uncertainty due to non-perturbative effects. In this article we revisit the estimation of the uncertainties from the
infrared renormalons in the (color dipole) gluon distribution employing our recently derived expression that is valid
in small transverse momentum region [7]. We have shown that non-linear saturation effects at small-x shift the first
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2IR pole at the Borel plane towards zero from 2/β2 to 1/β2 where β2 is beta function of QCD. This leads to enhanced
non-perturbative uncertainty O
(
Λ2QCD
)
instead of O
(
Λ4QCD
)
for the (color dipole) gluon distribution.
II. INFRARED RENORMALON IN (COLOR DIPOLE) GLUON DISTRIBUTION
We start with the relation between dipole amplitude N and the unintegrated dipole gluon distribution F [8]∫
d2b N (r⊥, b⊥, x) =
2π
Nc
∫
d2k⊥
(
1− eik⊥.r⊥
)
αs(k
2
⊥)
1
k2⊥
F (x, k⊥) , (1)
Now at or around saturation scale dipole distribution F often taken to be a Gaussian ⊗ quadratic distribution of
transverse momentum
F(x, k⊥) ∝
k2⊥
Q2s(x)
exp
[
−
k2⊥
Q2s(x)
]
, (2)
≈
k2⊥
Q2s(x)
(when k2⊥ ≪ Q
2
s(x)). (3)
Eq.(2) can be readily derived from the dipole S-matrix that is Gaussian (e.g in GGM, MV or in phenomenological
GBW model) in scaling variable t (≡ r⊥Qs)
S(r⊥, x) = exp
(
−κr2⊥Q
2
s(x)
)
(4)
where κ ≈ 1/4 is a constant. Strictly speaking this is valid around the saturation region and not deep inside where
multiple scatterings are highly correlated and can’t be taken just as collection of random independent scatterings.
Nonetheless the expression often taken to extrapolate it in the low momentum limit and leads to the conclusion that
the unintegrated dipole gluon distribution behaves as k2⊥/Q
2
s(x) in the low momentum. The relation in Eq.(1) between
dipole amplitude and the unintegrated dipole gluon distribution follows from the two-gluon exchange. While it may
not be strictly valid in the highly nonlinear regime nonetheless we will take Eq.(3) to estimate the contribution to the
dipole amplitude from the saturation region with k⊥ < Qs(x). In the kinematic region where the gluon distribution
varies as φ ∝ k2⊥/Q
2
s, the contribution to dipole amplitude from the saturation region is proportional to∫
d2k⊥
k2⊥
(
1− eik⊥.x⊥
)
αs(k
2
⊥)
k2⊥
Q2s
. (5)
We now introduce the renormalization scale µ writing,
αs
(
k2⊥
)
=
α(µ2)
1 + α(µ2)β2 ln (k2⊥/µ
2)
. (6)
We substitute this in Eq.(5) and expand in power of αs(µ), to obtain,
r2⊥
Q2s
αs(µ)
∞∑
n=0
(−α(µ)β2)
2
∫ Q2
s
0
dk2⊥k
2
⊥ ln
n k
2
⊥
µ2
(7)
Define ζ ≡ ln
(
µ2/k2⊥
)
we rewrite
r2⊥
Q2s
µ4αs(µ
2)
∞∑
n=0
(α(µ)β2)
2
∫ ∞
ln(µ2/Q2
s
)
dζ ζn e−2ζ (8)
The expression contains an incomplete gamma integral for ζ and results in a diverging series
r2⊥
2Q2s
µ4α (µ)
∞∑
n=0
(
α(µ)β2
2
)n
n! C (9)
where C is just a correction factor mimics the deviation from complete gamma function,
C = 1−
Qs
µ
∞∑
k=n+1
1
k!
lnk
µ2
Q2s
. (10)
3This clearly shows for large enough n the integral is dominated by upper limit so that its lower limit can be set equal
to zero or otherwise C can be approximate to unity leaving only the rising factor proportional to n!. This is the typical
effect of infrared QCD renormalons. Divergent series with rising factorial in the coefficients are best treated using
Borel summation techniques. Namely we rewrite the series as
−
2
β2
r2⊥
2Q2s
µ4
∫ ∞
0
db e−b/α(µ
2) 1
b− 2/β2
(11)
The pole at b = 2/β2 is known as the IR renormalon pole in the complex b-plane. The b-integral is divergent as the
renormalon pole is on the positive real axis and hence the series is not Borel resummable. At best one may estimate
the size of the IR renormalon uncertainty by simply taking the residue of the renormalon pole, which gives,
∼
r2⊥
Q2s
µ4 exp
(
−
2
αs(µ2)β2
)
(12)
or in terms of ΛQCD,
∼
r2⊥
Q2s
µ4 exp
(
−
2
αs(µ2)β2
)
=
r2⊥
Q2s
Λ4QCD (13)
Non-perturbative origin of the uncertainty reflects from the fact that the result is proportional to Λ4QCD.
III. INFRARED RENORMALON REVISITED
Recently we derive an analytical expression for unintegrated color dipole gluon distribution at asymptotically small
transverse momentum. As small transverse momentum corresponds to large transverse separation, the new expression
is derived by performing the Fourier transform of S-matrix for large dipoles with large transverse separations. In
particular we take Levin-Tuchin solution of Balitsky-Kovchegov equation to get the results. Though the result found
out to be in the form of a series of Bells polynomials, when resumming in leading log accuracy, showing up Sudakov
like soft factor [7]
F(x, k⊥) ∝ ln
(
k2⊥
4Q2s
)
exp
[
−τ ln2
(
k2⊥
4Q2s
)]
(14)
where τ ≈ 0.2 is a constant. Its interesting to note that the small-x evolution kills the k2⊥/Q
2
s behaviour from Eq.(2)
to Eq.(3) in the small momentum limit and modifies it from linear ⊗ normal to logarithmic⊗ log normal as given
in Eq.(14). In the following we take Eq.(14) to estimate the associated uncertainties stemming from IR renormalon
to have a comparative study with e.g. Eq.(13). We start by writing
∫ Q2
s d2k⊥
k2⊥
(
1− eik⊥.r⊥
)
αs(k
2
⊥) ln
(
k2⊥
4Q2s
)
exp
[
−τ ln2
(
k2⊥
4Q2s
)]
(15)
We expand the exponentials (with k⊥x⊥ ≪ 1) and performing angular integration to get
r2⊥
∫ Q2
s
dk2⊥ αs(k
2
⊥) ln
(
k2⊥
4Q2s
) ∞∑
m=0
(−τ)m
m!
ln2m
(
k2⊥
4Q2s
)
(16)
We now simplify by expressing the m-th term as (2m+ 1)-th derivative of dummy variable ǫ in the limit ǫ→ 0,
r2⊥
∞∑
m=0
(−τ)m
m!
∫ Q2
s
dk2⊥ αs(k
2
⊥) lim
ǫ→0
∂2m+1
∂ǫ2m+1
(
k2⊥
4Q2s
)ǫ
(17)
Substituting the effective QCD coupling,
αs(k
2
⊥) =
α
(
µ2
)
1 + α(µ2)β2 ln(k2⊥/µ
2)
(18)
4as an expansion in powers of α
(
µ2
)
r2⊥
∞∑
m=0
(−τ)m
m!
lim
ǫ→0
∂2m+1
∂ǫ2m+1
(
µ2
4Q2s
)ǫ ∞∑
n=0
(−1)nαn+1(µ)βn2
∫ Q2
s
dk2⊥ ln
n
(
k2⊥
µ2
)(
k2⊥
µ2
)ǫ
(19)
We define ξ = ln
(
µ2/k2⊥
)
to perform the k⊥-integration in Eq.(19):
∫ Q2
s
dk2⊥ ln
n
(
k2⊥
µ2
)(
k2⊥
µ2
)ǫ
= −µ2
∫ ln(µ2/Q2
s
)
∞
dξ e−ξ(−ξ)ne−ξǫ
= (−1)nµ2
∫ ∞
ln(µ2/Q2
s
)
dξ ξn e−ξ(1+ǫ)
= (−1)nµ2
(
1
1 + ǫ
)n+1
Γ(n+ 1)
which yields a divergent series
r2⊥
∞∑
m=0
(−τ)m
m!
lim
ǫ→0
∂2m+1
∂ǫ2m+1
(
µ2
4Q2s
)ǫ
µ2
∞∑
n=0
βn2
(
α(µ)
1 + ǫ
)n+1
n! (20)
with rising factorials in the coefficients, similar to Eq.(9), due to the IR renormalons. The inner series can be formally
rewritten as
∞∑
n=0
βn2
(
α(µ)
1 + ǫ
)n+1
n! =
∞∑
n=0
βn2
∫ ∞
0
db bn exp
(
−
(1 + ǫ) b
α(µ)
)
(21)
where the integration variable b can be taken as a complex dummy parameter over which the integration is to be
performed in the complex Borel b-plane. We now introduce Borel summation technique to evaluate the factorial rising
expansion by formally switching the integration and summation
∞∑
n=0
βn2
∫ ∞
0
db bn exp
(
−
(1 + ǫ) b
α(µ)
)
→
∫ ∞
0
db exp
(
−
(1 + ǫ) b
α(µ)
) ∞∑
n=0
βn2 b
n (22)
Interestingly now the pole of the integral is shifted to b = 1/β2 unlike the previous case where it was at b = 2/β2∫ ∞
0
db exp
(
−
(1 + ǫ) b
α(µ)
) ∞∑
n=0
βn2 b
n =
∫ ∞
0
db exp
(
−
(1 + ǫ) b
α(µ)
)
1
1− β2b
(23)
Taking the residue the b-integration in Eq.(23) found to be
∼ −
1
β2
exp
(
−
1 + ǫ
β2 α(µ)
)
The overall measure of the uncertainty from the IR pole at 1/β2 is then
∼ −
x2⊥µ
2
β2
∞∑
m=0
(−τ)m
m!
lim
ǫ→0
∂2m+1
∂ǫ2m+1
(
µ2
4Q2s
)ǫ
exp
(
−
1 + ǫ
β2 α(µ)
)
(24)
5Next we perform 2m+ 1 derivative taking
t =
(
µ2
4Q2s
)ǫ
exp
(
−
1 + ǫ
β2α(µ)
)
ln t = ǫ ln
µ2
4Q2s
−
1 + ǫ
β2α (µ)
dt
dǫ
= t
(
ln
µ2
4Q2s
−
1
β2α(µ)
)
d2t
dǫ2
= t
(
ln
µ2
4Q2s
−
1
β2α(µ)
)2
⇒
d2m+1t
dǫ2m+1
= t
(
ln
µ2
4Q2s
−
1
β2α(µ)
)2m+1
After taking the limit ǫ→ 0, the uncertainty is
∼ r2⊥µ
2 exp
(
−
1
β2α(µ)
) ∞∑
m=0
(−τ)m
m!
(
ln
(
µ2
4Q2s
)
−
1
α(µ)β2
)2m+1
(25)
in terms of ΛQCD
1
α(µ)β2
= ln
µ2
Λ2QCD
(26)
the non perturbative uncertainty from infrared renormalon found to be,
∼ r2⊥ Λ
2
QCD ln
Λ2QCD
4Q2s
exp
(
−τ ln2
Λ2QCD
4Q2s
)
(27)
Clearly the uncertainty is O
(
Λ2QCD
)
instead of O
(
Λ4QCD
)
that often taken as characteristic of infrared renormalon.
Presence of the sudakov factor indicates that the saturation effect tend to suppress the IR renormalon effects at
small-x.
IV. CONCLUSION
Infrared renormalon contributions lead to non-perturbative effects similar to those arising from vacuum conden-
sation. The infrared renormalon contributions presumably contain information about the hadron mass spectrum.
Corresponding Borel integral is dominated by the singularities closest to the origin. In this work we find that small-x
effects push the infrared singularities towards the origin and shifts it from 2/β2 to 1/β2. This also makes the uncer-
tainty proportional to O
(
Λ2QCD
)
instead of O
(
Λ4QCD
)
. This very fact however anticipated earlier by Mueller [9] by
citing the fact that perturbation series become ambiguous at b = 1/β2 and was suggested that the 1/Q
2 should be
pursued with vigor. In this study we find that O
(
Λ2QCD
)
term corresponding to the pole at 1/β2 exists in unintegrated
dipole gluon distribution at small-x as the distribution as a linear ⊗ normal distribution in momentum evolved to
be a logarithmic⊗ log normal distribution at small momentum. The result also shows that saturation effects indeed
suppress the renormalon effect however only through a Sudakov type form factor.
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